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1 BwbBeaenne.

1.1 EgHOoMmMepeH ciydaii.

IIle pasriaemame eIuH eTHOMEPEH IPOCT IPUMED:
Heka Bbpxy peajinara mnpaba ca JIaJIeHU TPU PA3JIMYHU TOUYKH To < To < 1 U HEKa

3aadeM Tpu CTOWHOCTHU B T€3W TOYKHU - 29, 20, 21 € R, TaKHWBa 49¢ 9YHUCJIOTO
1 — R0 20— 2 ..

— > 0. Moxe Ja KazKeM, 9e nMaMe TpOHuKa CTpOro U3II'bKHaJIN JaHHU B
1 — X o — T2

R2

Jlobpe u3Becten e "ekcrpemasHus mpobjieM 3a MUHUMU3WUPaHe Ha eHeprusrta,''npu
KOWTO MCKaMe Jla HaMepHM TakKaBa JBa I'bTU JudepeHnupyemMa (OyHKINAA - HHTePIIOJIH-
palma TpoiikaTa JaHHH, ¢ MUHEMa/IHa Ly— HOpMa Ha BTOpaTa CH MpOM3BOIHA B HHTEPBa-
na [T9, 1]. 3HAEM, Y€ eJUHCTBEHOTO PEIeHne Ha TO3U MPOBJIEeM € eCTEeCTBeHATA KyOnuHa

ciiaiin (PYHKIMS, WK €JIMHCTBeHATa MHTEePIOJIMPAIa, ABa I'bTu audeperupyeMa (yH-
KIMsl, TAKaBa 4e BTopaTa U IPOM3BOAHA € HEINPEK'bCHATA, JUHEHA BbPXY WHTEPBAIUTE
[z9, 0]; [0, 1], npuemama croiinocru 0 B JBeTe KpallHU TOYKU To,T| U IOJOKUTETHO
YHCI0 B MeHTpAJTHATA TOUKA To. 1031 pe3yarar MoxKe 1a ce JOoKazke KaTo ce M3I0JI3BaT
caMo JIBa KJACHYeCKH pe3ynTara - HepaBeHcTBoTO Ha Kommu-IlIBapi u dbopmynara 3a
uHTerpupase 1o dacru. Heka ga orOesie;kuM eauH uHTepeceH (GhakT OTHOCHO PelleHue-
TO Ha TOPENOCTABEHUsI eKTPeMaJieH PODJIeM: PelleHneTo e n3rbKHaIa QyHKIHs (KakTo
JIAHHUTE), BbIIPEKH e HUe He H3UCKBaMe TOBa oTHampe. To3u uHTepecen hakT He € B
cuna (B obmmus caydvaii), KOraTo “MaMme CTPOro W3IbKHAIM JIAHHHE BbPXY TOBEYe OT TpU
TOYKH BLPXY peajHaTa MpaBa.

Exnna or nesure Ha paborara, KOsATO HpejacTaBsMe, € (JIOKOJIKOTO € Bb3MOXKHO) Ja
IOCTABUM ¥ PeIuM eaHo obobmenne 8 R? wa Tesn no6pe ussecrnu pesynratu B R2.

1.2 JIBymepeH cJjiydaii.

[Mle pasriie/iame oIe e uH IIPUMeEp:



Hexa B R? umame ceieMTe TOUKH:
1

% - (07())"/1 = (170) = _‘/;17‘/2 = <§77) = _‘/:57

-1 V3

27 2

3a 1a moayunMm ganam B R3, B Te3nm ToUKH 3a1aBamMe CTONHOCTH:

V= ( )= Ve

zo=—10,2,=0;:=1,...,6.

Mozke ja tpejnonarame, de {z;}S_, ca usmepenn croitnoctu B rouxkure {V;}9_ , € R?
KOHTO Ca BbpXOBE Ha TPHAHTYJIAIUATA 0OpasyBaHa OT 6-Te TPHbLI'bIHAKA:

(Vo, Vi, Vigr) i =1,...,5 u rpubrbanuka (Vo, Vg, V7).

To3u npumep e pasriexkaad B [3], Kbaero e j1oKa3aHO CJIeIHOTO:
1) Nnrepnonannonnara riagka Mpezka OT KPUBH:

{fi(t) = =8¢° + 182 = 10; gi(t) = 6t* = 6t}7_;; 0 <t < 1
fi(t) e Bbpxy orceukara [Vy, V;], i = 1...6;
gz(t) BbPXY [‘/;, ‘/ti—‘rl]ai = 15)

g6(t) BBpPXY [V5, Vi),

€ TakaBa, 4e OChINeCTBsIBa MuHuMaJiHa Lip HOpMa Ha BTOpaTa CH IPOM3BOIHA, U3MEXK LY
BCUYKHM WHTEPIOJAIMOHHN TJIaJIKN Mpexku oT kKpuBu. Tyk mox Ls Hopma Ha BTOpaTta
IIpOU3BOHA pa3bupaMe UUCIOTO:

J;/Ol(f{’(tw dt + Z;/OI(gg’(t)V dt.
2). Ako o3HaYMM:

506v3+11)(vV3—1—1)3  30(v3+4)(1—1)
13 Bl 13

2= 30341 -1
13

mpu 0 <t < V3 —1,

npn\/§—1§t§1;

bt) = — 15(v/3 +1?;)t(1 — t)’

TO MHTEPIOJAIMOHHATA, IVIa/Ka, N3IIbKHAJIA BbPXY pedpara Ha TPUAHTYJIANMSTA MPerkKa

OT KPUBH: B
{Fi0) = ¢(8); Gi(t) = d(O}y; 0< < 15
f.(t) e Bbpxy orceuxara [Vp, Vi], i = 1...6;
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g:(t) Bopxy [Vi, Viga],i = 1...5;
9s(t) upxy [Vs, V1],

e TakaBa, Ye OCBIIECTBIBAa MUHUMAaJ/IHA Lo HOpMa Ha BTOpaTa CH MPOM3BOJHA HU3MeErK-
Jly BCHYKH WHTEPIIOJIAIMOHHN, TJIaJIK1, U3II'bKHAIN BhpPXY pedparta Ha TPUAHTYJIAIUSITA,
MpPEXKH OT KPUBH.

Cnenpaiiku nienre Ha G.M.Nielson or [1], mecro mMoxke na npoxabikum (GaeHEpa-
Me) BbPXY 00JIaCTTa Ha TPHAHTYJIAIUATA TOPHATE MPEYKH OT KPUBH (KOUTO Ca B CHITHOCT
eJIHOMEPHHU 0OEKTH) B TJIa/IKa MHTEPHOJAITMOHHA (DYHKIHs HA JIBE IIPOMEHJIMBHU, KATO 34
BropaTa (yHKIH e MMaMe H3IbKHAJIOCT BbPXY 00/1aCTTa Ha TpHaHTYIanusaTa (1 n300-
mo B R?). ToBa ce nosmyuasa ¢ poranug (0KoJo IpaBaTa MHHaBalla IIpe3 ToukaTa Vo 1
TepIeHNKYISpHa Ha papHuHaTa X 0Y ) Ha KpuBaTa f; B ILPBHUA CTydail  Ha KpUBaTa f,
BbB BTOpUd. 1231 JlecHUHA, 00ade, € TBbP/e U3MaMHA U CBbP3aHa ¢'bC CHMETPUIHOCTTA
Ha JanHuTe. AKO 3MecTuM ~Masiko” (Taka de Jja 3ama3uM U3IbKHAIOCTTA Ha JAHHUTE)
caMo eJiHa OT cToiiHocTuTe Ha JanHuTe - Haupumep V) = (1 — € /1 — (1 —¢€)?);¢ > 0,
TO BCHYKO B ciydante 1) u 2) ce u3mecTBa ¢ "Majgko” u TOraBa OJIEHUPAHETO HE MOIKE
Jla ce TOJIyYH Upe3 poTanusd. 3a Ja OJeHampaMe TIajKaTa MpeKa OT KPUBU B IIbPBHUs
caydaiil B IIaJKa MOBbPXHWHA, TPSAOBA A CH MOCJYKUM C HIKOIl OT HW3BECTHUTE METOIN
- Hanpumep ¢ meroza npejgioxken or G.M.Nielson B [1]. Bropusr cayu4aii (korato wnc-
KaMme Jia OJIeHiupaMe ¢ IJa/lKa M3MbKHAJIA MOBbPXHUHA PEIEHNETO Ha W3ITbKHAJIATA
eKCTpeMaJsTHa 3aja4a) e ole mo-uenpusited. OKa3Ba ce ve IpH JOCTATBIHO MAJKO, HOJIO-
JKHUTEJTHO €, (TaKOBa 4e Ja 3aMa3uM CTPOraTta U3IbKHAJOCT HA JAHHUTE) He C'hINECTBYBa
HUTO €IHA TVIaJKA, M3MbKHATA B 00JACTTa HA TPUAHTYIANUITA MOBbPXHUHA, KOSITO J1a
CHBIAJA ¢ eJHOMepHHTe (PYHKIUA [; BbPXY ChOTBeTHHTE pebpa.

[To Ta3u npuunHa, Hue B [3| KazBame, e ”onTuMasHATA-BCMUCHI Ha 2) 7| M3IIbKHAJA
BbpXy pebpara, ryajKa , HHTEPIOJAIMOHHA Mpeka OT KPUBU HE BHHALH € ~ TJI00aJTHO
H3IIbKHAIA |, T.e. MOXKe J1a ce OJIeHaupa B M3I'bKHAJA, IJIa/IKa MTOBbLPXHIHA.

B ta3u pabora e pemrena 3ajgadaTra 3a moJydaBaHeTO HA ~ONTHUMATHA-B CMHCHJ HA
jebuHUIIATE 0-10/1y, TJIaJIKa, HHTEPIOJAIMOHHA MpPeKa OT KPUBH, BbpXy ''3Be3ma-
TpuaHTyJIanus, "KosTo MoyKe Ja ce OJIeHupa B U3IIbKHAJIA, 1JIa/IKa TOBbPXHUHA.

2 Mpexu oT KpuBU BbPXY 3Be31a-TPUAHIYJIAIUI.

2.1 /leduHunua Ha 3Be37a U 3Be3Ja-TPUAHTYJIAITAS.

Heka n > 3 e usuo uucio u V; = (x;,1;) € R%i =0,1,...,n ca pa3iaudam TOYKH
B R?. Osnauasame ¢ c; unteppana [Vy,Vi],7 = 1,...,n; u npeanojarave, ue TOUKUTE
{V; € R*}", ca TakuBa, ue

c,Nc;=Vyi,5=0,1,...,n;0 # 7.

PaSI'ﬂe)KﬂaMe MHOZKECTBOTO C, KOETO Ce C'bCTOM OT BCUYKH HMHTEpPBaJIHU C; :
n
C = U C;.
i=1
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OpHeHTHPAHUAT BI'BI MEXKIY C; U Cj O3HadaBaMe < (cj,cy). (II3monsBame mocoka 06-
paTHa HAa YaCOBHUKOBATA CTPEJIKA.)
[Ipeanonarame ome, ue Toukure {V;}" , ca takusa, ue:

0 << (ck,Cry1) = inf < (ck,cm) <mzak=1,2..,n—1;0 << (c,,c1) < .

m=1,...n ; m#k

Hedbununua 1 Hapuuame muoscecmsomo ¢ 36ezda ¢ navanro Vo . Omeeukama c; 6
edna 36e30a HAPUUAME UEHMPAAHO HACOUEHO PEOPO.

Begka 3Be3a mopakjia u egHa TPUAHTY/IAIMS, KOSITO Ce CbCTOM OT 1 Ha Opoil Tpu-
BIBJIHUTIN:

< = (%7‘/17‘/2)742 = (‘/()7‘/%‘/3)? "'7<]n—1 = (%7Vn—17vn>’<]n = (‘/O’Vn"/l)

KoraTo paboTuM ¢ NpOU3BOJIEH TPUBILIHUK ¢ Bbpxose Vi (21,Y1), Va(xa, ya), Va(xs, y3)
e ya100H0 3a Besiko (1,y) € R? 1a pbeesem GapuienTpudnute Koopannatu By, Bo, Bs
ned>MHIPAHU Upe3 pellaBaHeTo Ha yPaBHCHHATA!

Bix1 + Boxo + Byxs = x
Biyi + Bays + Bsys =y
B+ By + Bs;=1.

Heka oszHaumM ¢ <; MHOKECTBOTO OT BCHUKH TOUKH B R? ¢ Heorpunarenu 6apumen-
TPUYHU KOOPJMHATH OTHOCHO BbPXOBETE Ha <.

Hedunnmua 2 Mnoscecmeomo T(c) := Ul_; Js € R? napuname 36esda-mpuarzyrayus
ako sameopenuam noauzorn (Vi,Va, ...V, V1) e empozo usnsknan. Omcewkume by 1=
Vi, Varal;s = 1,..,m — 1 u by, = [V, Vi] 6 edna 36ezda-mpuareyrayus napuuame 2pa-

HUYHU pebpa.

Ako T'(c) e 3Be3ma-Tpuanryianus, Heka geduHupaMe MHOKecTBaTa b := by, T =
c+b. la orbenexkum, ge "TbHKOTO " MHOKecTBO T’ He e rpanunaTa Ha " 1e6e10To" MHOXKECTBO

T(c).

2.2 ledwununusa Ha JJOKAJHU JAHHW U CTPOTO M3MbKHAJIM JIOKAJI-
HU JAaHHU BbPXY 3Be3Ja-TPUAHTYJIAIus.

Hedwmnunns 3 Hexa z; € R,j =0,1,...,n. Muosicecmeomo {T(c); {Vi(x;,y;), 2} =0}
HAPUAME NOKAAHU OGHHU 6BPLY 36€30a-MPUAHRYAAUUL U 20 DEAEHCUM C

Data := {T'(c); {Vi(z;,y;), Zj}?zo}'

Heka Data = {T(c); {V;(z;,y;),2;}7—} ca nokammn mannm. [la pasraename dynx-
muara L : T(c) = R ¢be cBoiicTBaTa, e L € HempeKbCHATa, TUHEHA BhPXY TPUBIb/IHA-
uure Ha T'(c) u L(V;) = zj upu j = 0,1, ...,n; r.e. L e yaruuHO-JInHeHHATA HHTEPIOJIAHTA
Ha JAHHHTE.

Hedbunnmus 4 Kaseame, e aoxarnume dannu Data = {T'(c); {V;(r;,y;), 2 }j=o} ca
Cmpo2o usNsKHaAY A0Kasny danny ako L e usneknana 6 T(c) u epaduenma na L uma
NPEKsCHAMOC 0M NBPEU POO HANPEUHO HA BCAKO UELHMPAAHO HACOweHo pebpo. 3a kpam-
kocm we xazsame, we Data ca CUJII 6 mosu cayyadi.



2.3 Mpexu oT KpuBHu BbpXy 3Be3aa-rpuanrysamnusg. Kimacsr C'(Data)
OT Mpe>KH OT KPWBMU.

Heka F' e ¢dbyHKIUa Ha IBe NpOMEHINBH, JedUHIPAHA BHPXY 3Be31a-TPUAHTYIAINATA,
T(c), re. F: T(c) = R. Pecrpuknusra Ha Ta3u GyHKIUA BbPXY MHOKECTBOTO T  MOMKe
Ja Objie olicaHa mapaMeTpuvHo (He MO eJMHCTBEH HAYWH) MOCPeJCTBOM JBe (damMuanm
0T eJHOMepHHU (PYHKIHH, KATO I'bPBaTa ONHCBa F' [0 MeHTpaJIHO HAacOUYeHHTe pedpa Ha
T(c) — ¢;, a Bropara damvuing no rpanundaute pebpa Ha 1'(c) — b,;. Heka napedem
nbpsara gavutag I (c), & BTOpaTa F, (b)- EIHO OT BB3MOXKHITE TapaMeTPUIHI OMHACAHUA
MOZKE JIa € CJIeJTHOTO:
Hedbunuius na F (c):

f(t) = F((1 - H;Hm + Htfjp = Flpu(t), (1) |
K'bJIETO . . ”

lles]] lles]]
2
0<t<llcs],|les]| == \/(:co—xs) 4 (o —ys)?, s=1,2, .1
Foy = {fs()} iz

Jedbunnius na F (b):

t Vs
gs(t) = F((1— WVs + )ys=1,2,..,n—1;
[1bs| [Ibs|
t tVi
gn(t) = F((1 - Wa + =)
[[by| [[by|

Foy == {gs(t) Youu

Hedbununuga 5 /leotixama damuiuy om ednomepru GyHKryuy

F = FoJFn = {0} {0}
we Hapuvame Mpe¥ka OT KPpUBHU BbPXY 3Be3aa-Tpuanryinamusata 1'(c).

Or ropuara jeduHUIS Ce BUZKIA, Y€ BCKa MPezKa 0T KPHBU BbPXY 3Be3/1a-TPHAHTYJIAIHsITA
T(c) e nedpunupana Bbpxy MHOkecTBoT0 T'= ¢ + b C T'(C).

Heka BbBeIeM HAKOM KJIACOBE OT MPEXKH OT KPHBU BbDXY 3BE3/a-TPHAHTYJIAHITA
T(c):

KazBame,ue

= ﬁc) Uﬁ(b) = {{fs(t)}gzlv {gs(t) ?:1}

e ot kinaca W|T] axo:
(t) CbINeCTBYBa M.H. u e orpanndena B [0, ||cql|], s = 1,2,...,n;
g.(t) cwmecrsysa m.u. u e orpanmdena 8 [0, |[by||],s =1,2,...,n

Heka {7T'(c), {Vi, zi}I o} ca sokanun nannu Bbpxy 3Be3ja-rpuanrysianusara 1'(c).
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Hedununus 6 (Ha ocHoBeH Kjac or mpexku ot kpusu - C(Data) ).
C(Data) ce cacmou om mesu Mpestcu om Kpusy

ﬁ = ﬁ(c) Uﬁ(b) = {{fs(t>}?:17 {gs(t)}gzl}a

3a KOUMO : _

G) Fewr)

(1) 1:(0) = 20, Fillleill) = 2 npu i = 1,2, .

(iid)  g5(0) = 25, gs([|bsl]) = zes1 mpu s = 1,2,....;n =1 1 ga(0) = 20, gu([|bl]) = 21;

(iv)  axo pasenedame mroocecmeomo om dynxuuu { f5(¢)}7_, wamo xpueu ¢ R3,
mo 6 moukama Vo € R?, mesu wpueu umam obusa donupamesna pasHuna;

(v) ako pasaaedame mmoxncecmeomo om dynruuu {{fs(t) Y1, {gs(t)}_1} xamo
kpusu 6 R3, mo 636 scara mouka Vi, i = 1,2,....n om R? , mesu xpueu umam obuwa
donupamenna pasHuHa.

2.4 Dba3ucHu Mpexu OT KPUBU BbPXY 3Be31a-TPUAHTYJIAIASI.

Heka T'(c) e 3Be3ga-rpuanryaanust. (Tyk n mo-gosy 1e cnazBamMe BCHYKH O3HAYEHUsI U
JNebUHATIMN HATIDABEHH JI0 Cera. )
[TbpBo me gedpunupame n—2 Ha 6POl YACTUIHO JTUHERHA MPEZKU OT KPUBU ¢ HOCHTET
BBPXY {CS7 Cs+1, cs+2}7 s = 17 27 ey 0 — 2.
Ba Beako s = 1,2,...,n — 2 1a pasriegame CJeIHaTa JUHEHA CHCTeMa Ha HEH3BECT-
)\(5) /\(5) /\(5) .
HATE A1~ Ag”y Az -

s)Ts — T s)Ts — T s)Ts — X
)\g) 0+)\g) +1 0+)\§) +2 0:0

|lcsl| [les+1]] ||es+2]
/\gs) Ys — Yo 4 )\gs) Ys+1 — Yo i )\és) Ys+2 — Yo —0 (1)
|lcs|| |lcs+]] |les+ol

A 428+ =1

Or coiicrBata Ha T'(c), JecHo ce BUzKIa, ve JerepMuHanTaTa Ha (1) Hukora He e 0.
Torasa (1) BUHATH UMa €IHHCTBEHO DEIICHUE.

ITo To31 HAYMH HAMEpaMe 1 — 2 Ha OpOoil TPOHKH ducIa {)\gs), AL, )\és)}?;f. 3a BcgKa
OT Te3n TPOHKH 1ie KoHcTpympame Mpexku or kpusn {B,}"=2 sepxy T C T(c) taxu-
Ba, Ue BCSKA B, MMa HOCHTEN CAMO BLPXY TPHTE ChCELHH HEHTPAIHO HACOYCHH PeOpa

Cs,Cs+1,Cs+2-



Hedunupame:

i t
A§><1—H P 0St<llell e sy cy
Cs
s t
A (1 - ), 0<t<|lesall me. Bppxy Copn;
B Teantl
s t
A (1 - ), 0=t <|lcsial| me. BBPXY oo
[lesell
0 B uporuBen cJy4ait

Hapuuame B;,s = 1,...,n — 2, HIeHpAJITHO OPUEHTUPAHU OACUCHU MPEKMU.

ITo-xbCcHO e U3II0JI3BaMe BS 3a OCHUI'ypsdABaH€ Ha YCJIOBHETO 3a IVIaJKOCT B TOYKaTa

Vo , me. (iv) B nedununusara na kiaaca C'(Data).

3a ga MOXKeM a OCHUTYPHM YCJIOBHETO 3a IIAJAKOCT B TOUKHUTE Vi, 5 =

1,2,...,n B

nedbununusra va kjaaca C'(Data), ce nanara jga jgeduHupame omie 1 4aCTUIHO JUHETHN

MpeXKU OT KPUBH.

8a Bcgko s = 1,2,...,n — 2 ga pasriiegamMe cjeaHaTa JUHEHa CHCTeMa Ha HEeH3BeCT-

HITE u§s+1) : Méerl) 7 Iugerl) :
(s+1) Ts+2 — Ts41 (s+1) X0 — Ts41 (s+1)Ts — Ts1
1 T 0 2 T T U3 ——— =20
[yl l|esial| |[bs||

(s+1) Ys+2 — Ys+1 (s+1) Yo — Ys+1 (s+1)Ys = Yst+1 _ 0

1 + po +p3
|[Bss1] Jrst] ||
P Y Y =1
Hexka pa3sriiesgame oie u cjieHUTE JIBE JIMHEWHU CUCTEMU:
(n)T1 — Tn (n)To — Tn (n)Tpn—1 — Tp

=0

H Mo + p3
b [[ball [lenl| [[br—1]|

m) Y1 — Yn n)Y0 — Yn n)Yn—1 — Yn
I +p s T =0
oAbl T el T ol

" s+ s =1

1HT2 — T1 (1) Lo — L1
K + +u
ol T dlell T (bl

MY2 — Y1 1 M(1)yo — W I Iu(l)yn — W

It =0
Y[l 2 el byl

1 1 1
i s ) =1



Herepmunanture Ha (2) npu s = 1,...,n—2, KakTo u Ha (3) u (4) HUKOra He ca paBHU
ua 0. Torasa (2),(3) u (4) BuHArE HMAT €MHCTBEHO DELICHUE.

I 6D0it " (s) (s)  (s)ym
0 TO3M HAYMH HAMHUDAME N Ha OOl Tpoiiku umcaa {p; ", fs 5 [y }oeq-

3a BcdKa O
o o E2) n
Te3u TPOIKK 1Ie KOHCTPyMpame vacTudHo jauneiinn mpexu {Dg}? | supxy T C T'(c)
TaKWBa, Ye BCsAKa Dg MMa HOCHTEN CaMO BbPXY JBE ChCEIHM I'DAHUIHU PeOpa M e1HO
IIEHTPAJHO HACOUEHO PeOPO MeXK/Iy JBaTa ChCejia.

Ba s = 2,...,n gedunupame:

(5)<1 _

H1 )7 0 St< HbsH T.e. BbpXYy bs;

t
|[bs||

t
Ha (1 - W)? 0<t< HCSH T.€. BbPXY Cs;
Cs

ps? (1 -

t
I 1”), 0<t<||bs_1|| me.Bbpxy bs_y;

0 B uporuBen cjyuvail.

Ome nedurMpame:

Mgl)(l_HI3>v 0<t<|[by| me mopxy by;

t
1]
(1) t .
py' (1= ——), 0<t<l|lei|| me. Bopxy ey
D, — [|eal]

t
ué”(l—HbH), 0<t<|by]| me mppxy by

0 B mporuBeH ciy4vait

Hapuuame D,,s =1,....,n, rpaHnYHN 0ACHCHU MPEXKMN.
[To-kbewo e n3noa3Bame Dy 332 OCUTypsiBaHe HA YCJIOBHETO 33 TIAIKOCT B TOTKHUTE
Vi,i=1,2,...,n, re. (v)B nedunnuuara na kaaca C(Data) .

2.5 Jlemmn.

Ako 3a 3Be3na-rpuanryianusTa 1'(c),0rnoBo pasriegave pemenusita Ha (1), (2), (3)
u (4), necHo ce JoKa3Ba:

Jlema A

Axo {)\ES),)\és),)\gs)}Z;f e pewerue na (1), {ugs),ugs),ugs)}gzl e pewenue wa (2),(3)
u (4), mo:



a) AP >0,2 >0

b) axo < (Cs,Csp2) < T, MO AP <o

¢) axo < (Cs,Cs2) > T, Mo AY > 0

d)  ako < (Cy,Cop0) =7, mo A =0u AP =AY =1/2.

(4)

o~ o~~~

(i1) {,ugs) > 0,15 < 0,48 > 0} s=1,...n

Heka

F = FoUFw = {0 {g.(t)}1}
Foy Uy = (@Y {0y}

ca JiBe MpexKH OT KPUBH BBPXY 3Be3ja-Tpuanryianuara 1'(c), rakusa ue:

fs(t), f2(t) € Lo[0, ||cs]|], s = 1,2, ..., n;
gs(t)hg:(t) € L2[07 ||b5||]’8 = 1a27 ...,TL

Jledunupame ckaJiapHO TPOU3BEIECHHE :

_ F e Z/l ill Z/Ib ill GH(8)dt.

[To-momy e m3moa3BaMe U CAeTHOTO O3HAUYECHHE 33 < F ) P>
<P P >= [ PP
(T)

Ako L R
F = FoyUFwp) = {0} =1, {gs(0) o1}

€ MpeXKa OT KpUuBH, IIe U3IOJI3BaMe U CJICJHUTE O3HAYCHUA:

/ _Z/cz Dt n 7{ P Z/Ilbz

F = FoUFe) = {00 {g:(0)} 1}

=
e ot kmaca W[T] o ¢ F Genexum :

P = {{fs“<t> s= 17{95( ) ?:1}

Jlema B (Peano - siema)

Hewa F = {{f,(t)}1y, {9.()}1y} € WIT).
F e om xaaca C(Data) mozasa u camo mozasa, Kozamo:

Ako

<ﬁ”,§s>:ws ,s=1,...n—2; <ﬁ”,DS>:dS ,s=1,...,n,



—~

kodemo By ca uenmpairo opuenmupanume bazuchu mpescu, Dy ca eparudnume ba3uchu
MPENHCU, G YUCAAMA W, dg Ca:

ASS) )\gs) )\és)

Wy 1= Tedl (zs — 20) + m(zSH —20) + m<25+2 —2) ;s=1,...,n—2. (6)
dS;:‘fi)H@M )+ II(TI(O_ZS) IIIf)ll\( i—z) is=2..n—1 (7)
= |\/£)\r(22‘z”+\/\£7|(2°‘ U+ rff)u( A X
= = e e s
Jlema C

Iernmpanio opuenmupanume u zpanuwiu basucru mpesicu om kpuey { By }"=2, {D -
obpasysam cucmema om 2n — 2 Ha 6poti AUHETHO HE3ABUCUMU MPEHCU.

Jlema D

Aanrume Data = {T'(c); {Vi(x;,y;), 2j}j—o} ca CHJIA mozasa u camo mozasa,
Koeamo wucaama dedunuparu 6 (6), (7),(8),(9) ca ecmpozo norosrcumenriu.

JlokazaresicTBOTO HA TOPHUTE YeTUPHU JieMd e cbinoro Kakto B 3] . Tyk Hue cme
NPOMEHMTH CaMO o3HavenusTa. [IpuaunaTa /1a MPOMEHIM O3HAYCHHSATA € JIa IPe/ICTABHM
CBOHCTBATA HA €IHA MpexkKa OT Kpusu F = FC) UF(b) = {{fs(®)}r_1, {9s(t)}1, } xaro
CBOHCTBA BBPXY NEHTPATHO HACOUEHHUTE pebpa U CBOICTBA BbpXy I'DAHUIHUTE pedpa.

Jla IpUMOMHNM, W€ BCAKA MpeKa OT KpUBH e JebuHApaHa BbpXy MHOKECTBOTO 1 =
¢+ b C T(c). Torasa Heka HallpaBUM CJIeJIHMTE O3HAYEHUH IPU HPOU3BOJIHA MPErKa OT

xkpusn F' = Fioy U Fip) = {{/s(t)}rz1, {g: ()}, }:
F(V) wpn V ec;
0 mpu V € b;
F(V) npu V €b;

0 mpu V €c.

3a Beska eaqnomepra yakius ¢ - ) = R ; ) C R Heka ja u3mo/3BaMe 03HAYEHUETO:

=l =

Axo a € R, 10 [p]] = ([go]+)a.

Jema 1 3a npoussoanu pearnu wucaa {as} =1 {5; }ioi u sa ecaxo wucao ¢ > 1 umame:
2

/ [Z aSB + Zﬁ] J(C)] |:z:1 Oésés + Zﬁj/ﬁ](d] = /( ) |:z:1 C(sgs + Zﬁjb\j(c)
() s= j=1 € |s= Jj=1 +

s=1
o),

10

q— l

Z ](b)] :

- +

o [Z 5,0y,

Jj=1

+



Hoka3zarencrBo: Jokazarenctsoro Ha (a) u (b) e ¢bBceM HpoOCTO - TpsibBa caMo Ja
ce HPOCJIEJSAT JI0cera HAllDABEHUTe O3HAYeHUs, JeDUHUINN U JIa IPUJIOKHUM CJIEJHOTO
04eBH/HO TBBpAeHHE (mpu ¢ = 2 3a (a)):

Tebpaenue. Axko [ e egrHomepHa (GyHKIHs, TO 32 BCIKO ¢ > 1:

FUE =10

3 Ekcrpemaanm mpobJjiemMu BbPXy pedpara B KJjaca OT
mpexu C'(Data).

Babenexka 1 Bcuuku peayamamu, KOumo ca yumuparu no-004y 6 mosu napazpadp,
ca NoAYEeHU 68 00WUA CAYali Ha 0aHHU 6BPLY 6BPLOGEME HA MPUBLBAHULUME O NPO-
useoana mpuanzysayua 6 R2. Tyk nue cme usn0dcuiy mesu pe3ysmamu 3a A0KAANU
darnu 68PIY 36€30a-MPUAHLYAAUUA 6 CMUCBAL HA 6B6E0CHUME U NOAYYUEHU D0 MYK 03-
HaeHUSA, 0ePUHUUUL, NEMU.

Heka ca gajenn jgokamaure gaunnn Data:= {T'(c); {V;, z;}1-,} B emucbaa na Tedu-
uunus 3. B cepusi paboru na G.M.Nielson, karo manpumep [1] u |2|, e pasriegan ciaennust
eKCTpeMaJieH 1pobJiem:

(P)2 Tospcum Fe C'(Data), wmuanMu3upama QyHKIIOHATIA
ﬁv/l 2 + ﬁv// 2‘
JL 2+ )

B cBoute pesyiararu G.M.Nielson Hamrb/HO XapaKTepu3upa €JMHCTBEHOTO pellleHHe
Ha TO3M eKCTpeMaJieH MpobJieM, Ipe3 TeopeMa, 3a KOSTO IIe CTaHe JyMa IO-JI0J1y.
Hexka o3naunm c

C*(Data) := {F} rakusa, ue F € C(Data) u F'(V)>0 , VeT.

B [3] e mocTaBen aHATOTHYEH HA TOPHUS €KCTPEMAJIEH TPOOJIEM, ¢ JOMbIHATETHOTO
OrpaHUYeHNe 33 U3I'bKHAJIOCT HA MpezKaTa OT KPUBU BbPXY pedpara Ha TPUbI'b/IHUIIUTE
OT TPUAHTYJIAIUSTA:

(P)s Toupcum Fe C*(Data), wmuaEMEH3Upaia GYHKITOHAIA

/<c> (B + 7%10) (F")"

B [3| e mpeaoxken eguu 06 MOAXOM TPH PEIIABAHETO HA TOPHUTE JIBA EKCTPEMA-
Hu upodsiema. To3u 10JX0/| ChbBCEM He € OpPUI'MHAJIeH, T'bil KaTO € U3I0JI3BaH OT/IaBHA
3a €JIHOMEpHH, JIMHEITHU eKCTPeMaJIHU 3aJ/iadu, YUeTO PelleHne e eCcTecTBeHa KyOudHa
crtaitn pyHKImM U e yao0eH, KoraTo pelaBaMe aHaJIOrHYHaTa eKCTpeMaJsHa 3a/a49a pu
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JOI'BIHATETHOTO M3UCKBaHe 3a 3ama3BaHe Ha (opMaTa - H3MCKBaHE, KOETO MPeBpPbINA
3ajladara B HesimHeliHa. Hait-o01mo0 n rpy6o ka3aHo TO3M 1OJXOJ C€ ChCTOM B CJIEJIHHUTE
II0CJ/JIeJOBaTC/JITHN CTBIIKHU:

1)  Omnpezens ce 6asnucHa cucTeMa OT JIMHEHO HE3aBUCHMH OOEKTH, TaKWBa de e
pamuaHa (Peano - siema) or tun Jlema B B maparpad 2.5, ¢ Koero ce xapakrepusupa
KJaca OT O0EKTH, B KOUTO ThPCUM MUHUMYM (C WK 0O€3 OrpaHUYEHUsI) HA HIKAKbHB
BDYHKIMOHAJL, WK 1Oy HOPMA.

2) Karo ce usnonssa pokaszanara (Peano - sema) u HepasencrBoro na Kormm-
HIsapr (B Ly 3amaqn), nepasencrsoro na Xnouaep (B L, 3amaun) ce mokassa Teopema
OT IIPaB THII, & UMEHHO - aKO 00eKT OT KJjaca, B KOHTO MUHEMHU3UpaMe, € OT Olpe/Ie/IeH
BUJI (KOITO 3aBuCH OT Ga3suCHATA CHCTEMA), TO TOI peliaBa eKCTPeMAHUS MPODIIEM.

3) Jlokassa ce Teopema OT 0OpATEH THII, & UMEHHO - ChIECTBYBa (€ TMHCTBEH) 00EKT
OT KJIaca, B KOWTO MUHUMU3UPaMe, OT olpejiesienus B Teopemara or npaB TUI BU/I.

snos3Baitkn To3u noaxon e paboreno B [4], [5], [6], [7] u ap.

XapakTepHO 3a eKCTpeMaJIHATE 33/1a491 0e3 OrpaHuIeHus €, Ye T€ BOJAT JI0 PellaBa-
HETO HA CUCTeMa JTUHEeHHN ypaBHeHusI (3a TOBA MOHSKOTA I HApUIaMe JTHHeHHH 331491 ),
3a pas/imKa OT eKCTPeMAJHUTE 3a/1a4i ¢ OFPAHMYEHUsI, KOUTO BOJAT JI0 PelIaBaHeTo Ha
HeJIMHelHa CuCcTeMa ypaBHeHUd.

Koraro e pemena L), ekcrpemasna 3a1a4a ¢ uan 63 orpanndenus, 0ONKHOBEHO MOZKe
Ja pemuM 1 cborBeTHaTa Lo, 3a1aua Upe3 rpaHudeH Mpexo Ipu p — 00.

B [3] e mpenokasana ciennarta reopema ua G.M.Nielson 3a npo6iema 6e3 orpanude-
uus (P)2, KaTo € U3MoI3BaH MOIX0/a OmucaH or 1), 2), 3) mo-rope:

Teopema A. (G.M.Nielson)

Hexa ca dadenu aokannume dannu Data := {T'(c),{V;, z;}I}. Tozasa npobaemsm
(P)y uma eduncmseno pewenue S € C(Data), ksdemo S” e 656 sudas:

n—2 n
g// = Z Odsés + Z ﬁjb\j
s=1 j=1

—2
IIpu mosa xoduyuernmume {agtr—1; {6, }r—, ce onpedeasm kamo edurcmeenomo peue-
HUE HA AUHETHATNG CUCTEMA YPABHEHUA:

n—2 n
/ Bk ZOJSBS—FZBJ'DJ = Wk, k:zl,...,n—Z;
(T) s=1 JZI
- n—2 N n -
/ D, (> B+ 8D, | =d., r=1,...n,
(T) s=1 j=1

Kksdemo wucaama Wy, d, ca onpedesenu 6 (6),(7),(8),(9).

B [3] e mokazana u ciejHaTa XapakTepu3aloOHHA TeopeMa 3a mpobjema ¢ OrpaHu-
uenus (P)3, KaTo e uznonassan nojaxosa omucan ot 1), 2), 3) mo-rope:

Teopema B. ([3])

Jla npednosootcum, we aokannume dannu Data := {T'(c),{V;, z;}" o} ca CHJL.
Tozasa npobaemsm (P)3 uma eduncmeeno pewenue S € CT(Data), xsdemo S” e 656

euda:
n—2
S” = Z OZSBS + ﬁij
s=1 j=1 4
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Ipu mosa woduyuermume {oy Yr—2: {3, 3", ce onpedeasm kamo eduncmeernomo peuie-
Hue Ha HEAUHETNAMA CUCTNEME YPAGHEHUA:

4 Ywnciaeno HamMmpaHe Ha M3NBHKHAJOTO BbpPXY pedbpata
eKCTpeMaJiHO pelreHue B Kaaca or mpexku C'(Data)

3a CUJI/.

Karo usnosnssame yciosuero, de jokamaute nanau Data = {T'(c),{V;, z;}7,} ca
CHMJII, me ckumupaMe J0Ka3aTeJICTBOTO HA CJI€IHOTO BaXKHO YTOYHEHHE Ha
Teopema B:

Teopema B1. IIpu ycrosusma u o3uavwernuama na Teopema B, umame:

ap >0 nmpu k=1,2,...n—2; G->0 nmpu r=12..n.

Hoxkazarencrso (ckumupano): [1le nokazxkem reopemara, KaTo H3M0I3BAME YUCIEH
Merof (Ha $IkoOM) 3a permaBaHeTo Ha cHCTeMaTa OT HeJWHeiiHW ypaBHenus B Teopema
B. To3u 4ucien MeTon ce ¢bCTOU B CJAETHUTE UTEPAINHN:

Axko 3maem Bektopa Y™ = (agm), af™, ol gim gm i) € R* 2, 1o Bek-
TOPBT
AmtD) — (agmﬂ),agmﬂ), ...,ag@;1)75£m+1)75§m+”, .., BmtD) € R?"2 mamupame Karto

permmuM cJe/iHaTa cucTeMa HeJTWHeiTHN ypaBHEeHU:

n—2 n
/ By [af™VB+ S aMB+Y 8D, | =u, k=1 ..n—2
( s=1;s#k Jj=1 +
/ D, [ Y a™B, + D, + gD, =d, r=1,..n
@ \s=1 j=Tii#r N
3a HavasIHO MpubIIIIKeHe n3noassame sekTopa v = (ago), aéo) e a,(lo,)Q, ﬁfo), ﬁéo), oy O

0,0, ...,0,0,0, ...,0) € R?*2,

Heka npuemeM ceHaTa TEPMUHOJOTH:

Kassame, ye sektopbr R 3 v = (71,72, ..., Vs) € MO-MaabK oT BekTopa R* 5 7§ =
(V1,Vas s 7s) aKO Y < 7; npm i = 1,2, ..., s u orOeIA3BAME TOBA CHC CUMBOJIA Y << 7.

3a urepannoHHns NpoNec AeUHUPAH TTO-TOPEe MOKE /14 CE JOKAKAT CJEJTHUTE TBHP-
JIeHUS:

13
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(1) VrepanOHHUAT TPOIEC € KOPEKTHO JeDUHUPAH, T.e. KAKTO U JIa MOAGEPeM BeK-

topa 7™ = (agm), o alm) gl gim B € R?"~2, punaru Moxe (II0 e uHCT-
Ben Haumn) ja Hamepunm ) = (agmﬂ), ol Ll glmt ) glmt) pm+1)) ¢

R?"~? - tax®LB, e TOpHATA CHCTeMa yPABHEHHS € yI0BIeTBOPeHa.

(i) Axo ™ << AT g AmED) <oy (mE2)

(7ii) 7O << W,

(7v) CwimecByBa 10/10)KUTETHA KOHCTaHTa M| 3aBHCEIa CaMO OT JaHHUTE

Data = {T'(c); {Vj(z},v;),2j}}—} TaxaBa, de 3a BCeKH TesH

m (0<m)ik (1<k<n-=2);r (1<r<n), mave o™ < M,3™ < M, re.
BEKTODHATA PeJuIla {7(’”) pv—p € OI'PaHuYeHa oTrope.

[Mlom ca u3mbIHEHN TOPHUTE YCIOBHS, TO v(m) e CTPOr0 MOHOTOHHO pacTdIla U Or-
paHUYeHa BeKTOPHA PeJUIla U Thil KaTo 7(0) = (0, ...,0), To Teopemara e BasuHa. Heka
U3PUYHO OTOEIeZKIM, Ue 3a JO0KA3aTeJICTBOTO Ha (i) e HeOOXOAMMO JIa Ce M3IMOJI3Ba
Jlema A - (ii), a TOBa yCJIOBHE € U3I'BIHEHO CAMO KOIaTO MHOXKECTBOTO b e cTporo
M3NbKHAJ 3aTBOpeH noJiuron, T.e. npu CUJII.

5 WV3nbKHAJIM €KCTpeMaJHU Po6JeMu OT CMeCeH THII
B KJtaca ot mpexku C*(Data).

5.1 IIpobaemsbr (P2, ; 1<p < oo.

Hagpcskb/ie mo-moay mie npejnonarame, ye Data:= {T'(c);{V;, z;},} ca CMJL, B
cMmuchaa Ha ledununus 4.
BaBeako p ;1 < p < o0 ; % +% =1u F € C*(Data) ja sebunupamve GyHkiuonasa:

= ([ #7) mastrn (f, )’

~

KbeTo 0, = 0,(F) e TakoBa, |e:

(o) <o ()

Jlema 2 Axo F € Ct(Data), mo dymsyuonasume Ly, (F), Ly (F) ca kopexmmo de-
dunuparu, msi kamo 0, >0 u 0, > 0.

doka3zarescTBo:
Twii karo F' € C*(Data), to

(o) o () =0



AKko nmomycHeM, 4e Koil Ja e OT FOpHUTEe JBa HHTerpaja e papeH Ha 0, To cieasa, e
ﬁ’”(V) = 0,V € b, a ToBa e nporupopeune ¢ usnckpanero jganaure ja ca CUJIIA u
F € C*(Data). CaenoBaTesiHO HEpaBeHCTBaTa HanMcanu 1mo-rope ca crporu. OT TOBA
ciaensa, de B jiedUHUIUAT Ha L27p(ﬁ’) qncsioro ¢, > 0 n B gedunnmusTa Ha Lqu(ﬁ)
qucaoTo 0, > 0.
]
Ha nedunupame obuuaiinara L, Hopma B IPOCTPAHCTBOTO OT MPEZKHU OT KPUBU BbPXY
3BE3JIa-TPUAHTYJIAIMSA:
Heka 1 <p<oom

- UF(b HL@) oo {gs(O) Fmr
e Mperka OT KPUBH BHpPXy 1, 33 KOSATO :
(1)  fs(t) cwmecrByBa 1.H. u e orpanuuena B [0, ||cs||], s =1,2,...,n;

(i1)  gs(t) cwmecrByBa n.H. u e orpanuuena B [0, ||bs||],s = 1,2,...,n.

Jedunupame:
17l = ([ e+ f, zrgs\p)

Cureq, Te3n o3HaveHns MoxKe jga aedunupame HyHKIUOHAIA L2’p(ﬁ ) Karo:
Lop(F) = |[Figyll> + max{1,6,}|| Fy, [,
kbe10 0, = 0,(F) e Takosa, ue:
1wy lla = 0l Flp s
I

Lap(F) = || F)llz + max{|| E)llp, [| Ewllo}-

Yucaoro 0, me wHapedem p - pakTop mian mpocto dakrop. IBoiikara p u ¢ - baxropn
e HapedeM CIperHara.

Jlema 3 Hexa F € C*(Data). Tozasa, ako sa cnpeznamama deotixa (0,,0,) e usnoa-
nerno 0, < 1, mo 0, > 1.

dokazarescTBo:
Ot ropuute nedpununun u Jlema 2, mogydaBame:

0<0,0,=1.
T.e. 0, > 1, Tbit Kato 6, < 1.

TebpaeHue (AaHAJOrMYHO HA HEPABEHCTBOTO HA XbOJIED).
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Hexa 1 < p < oo, }1; + % =1 wumnexa F,G € C*(Data) . Tozasa:
Loy(F) Lo (G)>< F" .G" > . (10)

,ZLOKa3aTeJICTBo
Heka Lo ,(F) = HFC)HQ + max{1, Gl}HF(b)Hp, KbjeTo 0 e takoBa, 4e HF e =

91HF Hp,Te (91>1

L2q( ) = HG(b)Hz—l—maX{l GQ}HG yll¢» KBIETO B2 € TAKOBA, e HG e = HQHG" I
T.€. 92 Z 1.
Toraga:

Lop(F) Lag(G) = (I1Figll2 + max{1, 02} Fiyllp)  (11Gie)ll2 + max{1, 05} G lly)

> || Fig)l2l|G ||z + max{1L, 6} max{L, 65} Fig, 1,1 G

yllg
> || Fig)l[l1Gle)lle + 11wy lIpl| Gl 2< Fey, Gley > + < Eipy, Gy >=< F",G" >

KbJETO 3a TMOJyYaBaHeTO Ha MOCJCIHOTO HEPABEeHCTBO M3IOJI3BaMe HepaBecTBOTO Ha
Komu-IIBapi (1.e. Xposaep npu p = 2) U HEPaBeCTBOTO Ha XbOJIJED.

Ha pasriepame caeanust upodiem: R
(P)2p Towpeum  F e Ct(Data) wmunumusupama yskunonana Lo, (F).

3abesexka 2 Excmpemansnuam npobaem ¢ ozpanuvenus (P)s, napuwame om cmecen
mun, most kamo munumusupame 6 Lo cmucea no uenmpasno wacowernume pebpa Ha
3seada-mpuareyrayuama u 6 Ly, cmucsa no epanuwnume pebpa. Toea ce npasu, 3a da
mooce da ce zapaxmepusupa pewernuemo na (P (nanpaseno 6 napaepad 5.2), xkoemo
PEWEHUE NPUMENCABA BANCHU CBOTCMEA.

Ejne or ocHOBHHTE pe3yaTaTn Ha Ta3nm paboTa e cJjie/lHaTa TeopeMa:

Teopema 1 Hexa Data:= {T(c);{V, zi}j_o} ca CUJIA 6 cmucsaa na Jedunuyus 4.
Axo cowecmsysa S = S, € C(Data) makasa, e

n—2 n
ZasBS—i_Zﬁij(c) +
s=1 j=1 +

Zﬁij(b)] ; (11)
Jj=1 +

kedemo {ag o 17{@} _, ca peaanu wucaa, 1 < p < 00; —|— % =1, mo S pewasa (P)ap-

dokazarescTBo:

Ouesuno o1 yesiosusTa na teopemara S € C(Data) u (11) caexsa S € O (Data).
Heka F € C*(Data) e mpon3Boana Mpexka OT KPUBH.

Torasa mostyuapaMe cJeJHaTa IOpeIUa OT PeJalii, KaTo B JgCHaTa JacT Ha BCEKH
peJI 110-710Ty, cMe OOACHIIE OCHOBAHHETO 33 ChLOTBETHATA PesIallus:
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Lop(F) Lyy(S) >< F", 58" >= /(T) ' (§E;) + 5&,)) (10) — mepasencTBOTO Ha XBOIIAED

n—2 n i n
— [ P | aBo+ Y 8Dy | + 4 F'|S 8D, (11)
(c) | s=1 j=1 ] (b) Jj=1 4
=~ = ~ n -~ ] =~ " — =~
> [P | auBt Y40, | + f[im F' | 3D;,, F'(V)>0 mpu VeT
¢ s=1 j=1 j=1
n-2 - =~ =~y TJL /\_ 11 " J _ 11
=Y a, | B+ ﬁj/ Dj F + > ﬁj?{ Dj, I JIMHEHHO Tpeobpa3oBaHue
s=1 (c) j=1 (c) j=1 (b)
n—2 n
= z:l Qg o B,F + Zlﬁj /(T) D;F nocuren na By Dy = Dy + Dj,
s= j=
n—2 n
= aws+ Y Bid; F € C(Data), (5) Jlema B =
s=1 7=1
n—2 n
~Ya, | BS +3 5 / D,5" S € C(Data), (5) Jlema B <
= o = )
n—2 n n
=Yoo [, B+ L5 /( o DS+ 25 /( ., Dio 8 D, = Dy, + Dy,
n—2 n n
= Z Oés/ BSS(C) + Z 6]‘ / Dj(c) S(c) + Zﬁﬂ -7{ Dj(b) S(b) HOCHUTEJI Ha Bs, Dj(c)7 Dj(b)
s=1 (c) j=1 (c) j=1 (b)
n—2 n—2 n
=Y as/ By | B+ BiDj., BIJIA HA SE,C) — (11)
s=1 7 s=1 j=1 N
n n—2 n
+ Z ﬁj/ Dj., osBs + Z B;Dj., B Ha Sy — (11)
=1 7 s=1 =1 N
> B Dj, Z:@DJ(b> Buma ma Sy, — (11)
=1 (b) j=1
n—2 N n . n—2 N n -
= / Z asBg + Z B; Dy, asBg + Z BiDj JINHEHHO Npeobpa3oBaHue
(© |s=1 j=1 + Ls=1 j=1
+ fib) [Z ﬁij(b)] {Z ﬁij(b)] , JIMHEHHO 1peodpa3oBaHue
j=1 j=1
n—2 n ! 2 n 4
= [ X @B+ > 8D | + 9[> 5D, Tlema 1
(© |s=1 j=1 L 7B = N
— 117y B+ 1512 = 11573+ 15121150
= [1S(0)1 13 + 115 |51 Sy - BuzK (%)

[Tocsie1HOTO paBeHCTBO € BaJIMIHO, T'bil KaTo 1pu q > 1

["={4, 1)} st

|—=

—1
1

1-1 a
o) ISl = [, )] "= [, )
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Ot ropHOTO MOTy4YaBaMe:

Lop(F) Lag(S) 2 [8e)|13 + 1151l S o (12)

Hexka momycuem, 4e 3a L27p(§), dbakropa ¢, > 1 . Torasa or Jlema 3 dakropa 0, < 1
n m3no3Baiikn tedunumusara Ha Lo ,(S) n Ly ,(S) momyaasame:

Log(8) Lap(S) = [[1Se)ll2 + max{1,0,}Slla] [I1S(e)ll2 + max{1, 6, }Sll,]

|15l
IIS” I|q||5 byl | = 115(e) 113 + 11570y l1pl 1Sl
p

A//

= 1150112 + 153 lla) {11512 +

[To cbimusa HAYMH, AKO JOIMYCHEM , 9e 3a Lgﬁp(g), dbaxkropa 6, < 1, To:
Lo g(S) Lap(S) = [1Sol3 + 11575115l
Ot re3n paBencrsa u (12) mosyuaBame:
L2,p<ﬁ) = L2,p(§)u

Tbit Karo Lo (F) > 0.

Jlema 4 (ocrosna aema 3a noaywasane Ha 06pamHY Meopemu)

Axo
w; >0,1=1,....n—2 ; d;>0,1=1,...,n

ul < q, mo2n — 2 mepuama pynryua:

(I)q<a17a27 "'7Oén—27617ﬁ27 "'7611) =

N q
[, [EadsSam, ] SO TIRE Y R SLE N IS ot

=1 L =l

i) npumesicasa aokanern munumym - R*"2 3 v, = (a1(q), ..., an—2(q), £1(q), -, Bulq));

il) npuscerul <q <qa Vg >> Voos

iii)  npu ecaro 1 < q sexmopume v, u Y2 ca AUHETHO 346UCUMU;

iv) lirr% Vg couecmeyea. Heka 20 o3navum c 7.

q—)

(
(
(
(
(v) v >>1(0,0,..,0).

dokazarescTBo:

3a 1a JIoKaxKem JiemMara, e U3M0/13BaMe C/IeJIHOTO

Tebpaenue. Axo F': R™ = R C R e (crporo) n3nbkuama u gudepeHnnpyema m-
MepHa GYHKIMS U aKO 3a BceKd HenyJieB BeKTop R™ 3 o = («, g, ..., (vy,) € U3IIBJIHEHO

tlim F(tog, tag, ... tay,) =00 u  lim F(ta, ta, ... tay,) = oo,

t——o00

to F npurexkasa (jokasten) munnmym B R™.
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ToBa TBBpEHNE YeCTO Ce U3MOT3BA TPU €KCTPEMAJTHA 33/1a91 B U3MbKHAINI AHATIUS.
Kounkperno 3a npobjiemure B Tazu padora cMe U3IO0/I3BAJIU PUJIOKEHUETO HA TOPHOTO
TBbpeHne 3a 1nog00Hu npobsaemu ot [8]. [logobun umen ca usnonssanu u B [5], [6] u [7].

Ouesnnno @, e m3nbkHAIA U AudepennupyeMa HYHKINS Ha apryMeHTUTe CH.

(i-)

Hexka R2n—2 > = (Odl, Ao, ..., Cknfg,ﬁl,ﬁg, ,ﬁn) 7£ (O, 0, ceey O) .

3a Y UMaMe JiBa B'b3MO2KHHU CJ1y4dad:

I caygait. maxq max o«; , max 3;; >0 um
1<i<n—2 1<5<n

II caywyuaii. min{ min «a; , min §;, <0.
1<i<n—2 1<5<n

Torasa, KaTo m3MOI3BaMe MOJTOXKUTETHOCTTAa HA YHCTaTa d;, w; U ycaoBueTo q > 1,
BIZK/IaMe, de:

tllm q)q<t041, tOég, ...7t&n_2,tﬁl,tﬁg, 7tﬁn) = 00,
—00

tllI_Il (I)q(tOél,tOéQ, ...,tan_g,tﬁl,tﬁg, ,tﬁn) =0

7 B JBaTa CIydasi.

Ho Torasa, criopea ropuoro Trbpenue, audepeHiupyemMarta, u3mbKHaaa (pyHKIHsT
®, mpuTekaBa MUHEMYM H TOI ce MOCTUTa TaM, KbJeTO Ce aHylIHpaT YaCTHUTE IIPOU3-
BogHU Ha O, T.e.

n—2 n
(c) s=1 +
k=1,...n—2;
13
n—2 n a—1 ( )
| Doy | X asla)Bo+ Z 5@y, |+, Dr > 0,(0)Diy| = dr
(C) s=1 :
+ +
r=1,..,n.

C rtoBa gokaszaxme, e O, uma MuanMmyMm. ToBa, W€ TO3H MHHHMYM € JIOKAJIeH IIe
BUJIUM TIO0-K'bCHO.

(ii) caensa or Buga na O, Or (ii) cieusa, ye munumyma na @, e eauncrsen, T.e.
yeaoBuero (1) e BaauaHo.

(iii) Ako pasriename HenmHeitnara cucrema (13) mpn ¢ = 2 > 1, Bkame, Je Ts e
cbIllaTa KaTo HesuHeitHaTa cucrema B Teopema B ot maparpad 3.1.

C roBa, karo uznoassame Jlema C or maparpad 2.5, mokazsame (iii).

(iv) u (v) caeasar or (iii), (ii) u or Teopema Bl or naparpad 4.

"

Cunen Jlema 4 moxe 1a jjokakem obpataa Ha Teopema 1, KAKTO U TDAHWTHUS CJIY YAl

p=00,q =1, a UMEHHO:

Teopema 2 Hexa Data:= {T'(c);{V;, z;}! o} ca CUJLT 6 cmucsra Ha
Hepunuyua 4. Tozasa
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(i)  sa ecaro p > 1 cowecmeysam peannu wucaa {as(q) =: o }o-t:{B8(q) =: B},

U Mpesica om Kpueu §q = S e C*(Data) maxusa, we (11) e ydosnemeopeno npu

P
= —>1;
q p—1 A
(i)  I'panuyume }{1{2 Sy, Ll}i_r)r%{as(q) n_z (lzzr%{ﬁj(q)}?zl cowecmsysam. Hexa eu

03HAMUM, CTOTEEMHO ¢ Sao, {ozs( Vot {Bi(c0) iy
(iii) Bexmopsm ({as( VY22 {Bi (00 )}i=1) e woauneapen ¢ sexmopa ({cvs(2) }5= 2 {B;(2 )}
(iv) {as(oo) > 01027, {B;(o0) > 0}7,.

5.2 IIpobuaembt (P)2 .

Heka Data:= {T(c);{Vi,zi}l",} ca CMJL B cvmuchia wa Jdedunnnns 4. B to-
3u maparpad 1e ce HHTepecyBaMe OT PENICHHEeTO Ha CJIETHUS eKCTpeMaJeH mpobaeM ¢
OrPAHUICHUS:

(P)2.0 Topcum  F € C(Data), MuaMME3Epama dbyHKITOHAIA
1Elo + mane (V)

Axo F € OrpaHMYeHa MperKa OT KpHUBU, HEKA HpI/IeMeM CJIeIJHUI'€ O3HAYCHUA:

X(F ) e m3MepeHaTa Jb/UKHHA HA HOCHTENd Ha F;
[1F][oc := lim ||l

TOF&B& II0 CTaHJapTeH Ha4uH, IIOJTydaBaMe:
1F |l = max | F(V) | x(F). (14)

Karo n3nonssame TeopeMaTa 3a CpeJHUTe CTOMHOCTH IIojgydaBaMe:

Fl|; < F .
1E1h < max| F(V) | (15)
Teopema 3 Mpeotcama om kpueu §oo 6 Teopema 2 om npeduwmnua napazpad peurasa
(P)Z,oo-
lokazarescTBo:

Heka F € Ct(Data) e nponssonna. Torasa, karo msnomssame (14) n (15), moayqa-
BaMe:

lim Ly, (F) = lim [|[Fgyll2 + max {[|Fy 1y, [1Ewy o }| = [1FellaFme {1y oo, 1oyl f
< 1 /\”
< |1 ll2 + max F7(V),
nJin R R
Jim Lo, (F) < [|Fgll2 + max F'(V) (16)
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Ot apyra crpana, ot Teopema 1, 3a S = §q nMaMe

~

L2,p<F) > L2,p(§)~

T
Karo uznomsBame Buga ua S or (11), (14) u Teopema 2, 0T TOPHOTO HEPABEHCTBO
LOJ1y YaBaMe:

lim Lo, (F) > Tim L (8) = T [[15; [l + max {1,6,} 15,1l

p—0o0

1

(e)

nJjinm

lim Lo (F) > |18, [l + max S (V) (17)

pP—0

Teopemara ciesasa or (16) u (17).

5.3 YwucaeH MeTo] 3a HAMHPAHETO Ha S,..

ChiecTByBa yI00E€H YHCIEH METO, 33 HAMHPAHETO Ha S... be3 ma Obaem m3depna-
TeJIHH, Te pasrieaMe OCHOBHUTE UeH 3a peajmsamusara My. Heka o3Hadmm:

S =8 ={{rmy_ {gdt i}, See = {{fO o {g )}

Ot Teopema 2 cefBat cIeHATe TBHDICHHS:

() lmS, = Su;

(ii) mpexkara OT KpuBH S uma 061a JIONUpaTe/IHa PABHUHA C MPexKaTa OT KPUBU
Sy B Toukara Vj;

i) {(£2°)"(0) > O}y

(iv) dyukmuure {¢°(t)}7_, } ca kBagpaTHU ATTeOPUIHU TTOJUHOME C €JIUH U CHIIU
koeduruent - qucaoro o > 0 npes 2.

Te3u dyerupu TBbP/EHUS HU JIABAT CJIEIHUS

YucjaeH MeTos

1) Hamupame mMpeskaTta OT KPUBH S,. O (ii) coiesiBa, Ue Torasa Ie 3HAEM YUCIATA
(YO,

2)  Karo usnonssame (iii) u (iv), mocieoBaTeslHO MOXKe Ja ONPEIEJUM YHCTATA
{(f2)"(0) > 0}"_, u aucaoro o > 0. Tyk ce usunonassa [Ipunnuna Ha Makcumyma.

Nmaiiky 1pejiBu/i HHTEPIOJIANMOHHUTE YCJIOBUS U BUJIA HA goo, Ta3u undopmarus e
JOCTATHIHA 33 OUPE/IEISHETO Ha Sag.

6 Uzobkuauo 6jienupane (MPOAbJKEHNE) HA MPEXKH
OT KPUBI.
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Bagavyara 3a U3MNBKHAJIO OJEHIUpaHe Ha e/IHa MpeKa OT KPUBU
F={{/fs®)}_,,{9s(t)}"_;} € CT(Data); Data ca CUJI, e cieauara:

Tbpcum jByMepHa, udirbKHaa 1 gudepennupyema yukius F: T(c) = R rakasa,
qe

F(V)=F(V) npu VeT.

Kaxkro Beue orbesiss3axMe BbB BbBEIEHUETO, ChIIECTBYBAT MHOKECTBO MPEXKHU B KJIa-
ca CT(Data), kouro me morar ja Obaar u3mbkKHaJAO OaeHgupanu. B obmms ciydait
TaKOBa € U PEelieHNeTo Ha M3MbLKHAINA eKTpeMasen mpobaem (P)j or maparpad 3.

Tyk, uue mie Guengupame perenuero Ha (P)a o B AByMepHa, n3nbKHANA U JAudepeH-
mupyema dbyuknust F: T'(c) = R.

OTHOBO HEKa OTOEJIEZKUM, Ye KOraro paboTUM C NPOM3BOJIEH TPUWHI'bJIHUK ¢ BbPXOBE
Vi(z1,y1), Valma, y2), Va(3, y3) e ymobmo 3a Besiko (x,y) € R? na BbBejiem GapuienTpuy-
nute Koopjaunatu By, Bs, By jedunupanu upes3 perniaBaHeTo Ha YpaBHEHUSTA:

Bix1 4+ Boxo + Bz = «x
Biyi + Bays + Bsys =y
B+ By + Bs;=1.

Cera jia onuiiem aaropuTMuIHO OeHupaneTo Ha penternero Ha (P)s o B 1ByMepHa,
usnbkHata u gudepennupyema Gynknus F: T(c) = R.

Heka pemenuero ua (P)g o € Mpexara or kpusu F = {{f,(t)}7_,, {gs ()}, }.

Ot uncyennst MeTos - 2) B npeAuITHEs naparpad cjaensa, de npu j = 1,2, ..n:

£50) = [les || f1(]les|l) = o > 0.

I Hexka onpenenmm uncioro o > (0 oT Koe J1a € OT TOPHUTE paBEHCTBA.

Torasa m3BbpIIBaME CIeTHATA TPOTELYpa:
IT 3a(z,y) €eR*uj=1,...,n— 1 ga HAMEPUM YHCIOTO

0<t:= \/(x —9)2+ (y — ¥0)? u Gapuuenrpuunure Koopauuaru Ha (T,y) - A, u, v,
OTHOCHO TpUbI'bIHUKA <; = ((Z0,Y0), (%},Y;), (Tjt+1, Yj+1)). Ledunupame dyuxmunre

ufip1(t) + (1 —w)fj(t) +ou(l —u) ako u>0 u v>0,A>0;
0 B mpoTuBeH ciydaii.

Sj(:%y) = {

III 3a (z,y) € R? 1a HaMepuM 4UCIOTO

0 <t := \/(.r —20)? + (y — y0)? u Gapunenrpuunute Koopamuaru Ha (z,y) - A, u, v,
OTHOCHO TpubrbiaHUKA <, = ((Z0, Yo), (Tny Yn), (T1,91)). Tedbuunpame bynknusira

Sn(z,y) = {

ufi(t) + (1 —u)fu(t) +ou(l —u) ako u>0 u v >0,A>0;
0 B mpoTUBeH CayYaii.

IV Koucrpynpave F : T(c) = R karo F(z,y) := > S;(z,y) + F.

=1

Jluteparypa

[1] G.M.Nielson, A method for interpolating scattered data based upon a minimum
norm network, Math.Comp. 40 (1983), 253-271.

22



2]

3]

[4]

[5]

(6]

7]

8]

G.M.Nielson, Minimum norm interpolation in triangles, Siam J. Numer. Anal.
Vol.17 N1 (1980), 44-62.

L.E.Andersson , T.Elfving , G.Iliev , K.Vlachkova; Interpolation of convex scattered
data in R? based upon an edge convex minimum norm network,J. Approx. Theory
80 (1995), 299-319.

G.lliev and W.Pollul, Convex interpolation by functions with minimal L, norm
(1 < p < 00) of the k— derivative, in "Proceedings, 13 Spring Conference of the
Union of Bulgarian Mathematicians, April 1984."

C.Miccelli,P.Smith,J.Swetits, and J.Ward, Constrained L, approximation, Constr.
Approx. 1 (1985), 93-102.

C.Miccelli and F.Utreras, Smooting and interpolation in a convex subset of a Hilbert
space, Siam J. Sci. Statist. Comput. 9 (1988), 728-746.

C.K.Chui, F.Deutch and J.D.Ward; Constrained best approximation in Hilbert
space, J.Approx. Theory 71 (1992), 213-238.

P.Petrov - unpubliched manuscript.

CobabpKaHue
1 BmnBenenue.
1.1 EaaoMepen caydail. . . . . . . . . ... e e 1
1.2 JIBymMepeH CHyJail. . . . . . . . . .. e e e e 1
2 Mpexun oT KpUBHU BbPXYy 3Be€3/Ia-TPUAHTYJIAIUS. 3
2.1 Jledununys Ha 3B€3/1a U 3Be3/a-TPUAHLYJIANUSA. . . . . . o o o« o o . . . 3
2.2 Jlecdbunuiiys Ha JIOKAQJHU JIAHHU U CTPOT'O U3I'bKHAJIM JIOKAJIHY JIAHHUA BbP-
XY 3BE3JA-TPUAHTYIIAIIMS. . . . .« o o v v e e e e e e e e e e e e e 4
2.3 Mpexu or KpuBH BbpXY 3Be3a-Tpuanryianus. Kiacsr C'(Data) ot mpe-
KA OT KPIABH. .+« v v v e e it e e et e e e e e e e e e )
2.4 bBasucHu Mpexku OT KPUBHU BbPXY 3BE3JA-TPUAHTYIAMMA. . . . . . . . . . 6
2.0 Jlemm. ... e e 8
3 Excrpemanuu npoGiiemn BbpXy pebpara B kiaca oT mpexku C(Data). 11
4 YwumcaeHO HaMHpaHe Ha M3MBbKHAJOTO BbPXY pedpara eKCTpeMaJHO pe-
menne B Kjaca ot mpexku CT(Data) 3a CUJLI. 13
5 WN3nbkHAIN eKCTpeMaJJH! NpPobJ/IEMI OT CMECEH THUIl B KJIaca OT MPEKU

C*(Data). 14
5.1 TIpobmembr (Pa, 3 1< p<oo. oo v v v v i i i 14
5.2 TIPOOIEMDBT (P)ono. v v v v e e e e e e e 20
5.3 Ywmcaen MeTonm 3a HAMUPAHETO HA goo ..................... 21

23
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